ABSTRACT. Let M be an arbitrary complex manifold and let L be a Hermitian holomorphic line bundle over M . We introduce the Berezin-Toeplitz quantization of the open set of M where the curvature on L is non-degenerate. The quantum spaces are the spectral spaces corresponding
INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
The aim of the geometric quantization theory of Kostant and Souriau is to relate the classical observables (smooth functions) on a phase space (a symplectic manifold) to the quantum observables (bounded linear operators) on the quantum space (sections of a line bundle). Berezin-Toeplitz quantization is a particularly efficient version of the geometric quantization theory [2, 3, 11, 15, 16, 25] . Toeplitz operators and more generally Toeplitz structures were introduced in geometric quantization by Berezin [3] and Boutet de Monvel-Guillemin [5] . We refer to [16, 20, 24] for reviews of Berezin-Toeplitz quantization.
The setting of Berezin-Toeplitz quantization on Kähler manifolds is the following. Let (M, ω, J) be a compact Kähler manifold of dim C M = n with Kähler form ω and complex structure J. Let (L, h L ) be a holomorphic Hermitian line bundle on X, and let ∇ L be the
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holomorphic Hermitian connection on (L, h L ) with curvature R L = (∇ L ) 2 . We assume that (L, h L , ∇ L ) is a prequantum line bundle, i.e., The Bergman projection is the orthogonal projection
where the action of f is the pointwise multiplication by f . The map which associates to f ∈ C ∞ (M) the family of bounded operators
called the Berezin-Toeplitz quantization.
A Toeplitz operator is a sequence {T k } k∈N of bounded linear endomorphisms of L 2 (M, L k ) verifying T k = P k T k P k , such that there exist a sequence g ℓ ∈ C ∞ (M) such that for any p 0, there exists C p > 0 with T k − p ℓ=0 T g ℓ , k k −ℓ C p k −p−1 for any k ∈ N, where · denotes the operator norm on the space of bounded operators. Bordemann-Meinrenken-Schlichenmaier [4] and Schlichenmaier [23] (using the analysis of Toeplitz structures of Boutet de Monvel-Guillemin [5] ), Charles [6] (using semiclassical analysis) and Ma-Marinescu [19] (using the expansion of the Bergman kernel [8, 18] ) showed that the composition of two Toeplitz operators is a Toeplitz operator, in the sense that for any f, g ∈ C ∞ (M), the product T f, k T g, k has an asymptotic expansion
where C p are bidifferential operators of order 2r, satisfying C 0 (f, g) = f g and C 1 (f, g) − C 1 (g, f ) = √ −1 {f, g}. Here { · , · } is the Poisson bracket on (M, 2πω). We deduce from (1.4), (1.5) [
In [18, 19] Ma-Marinescu extended the Berezin-Toeplitz quantization to symplectic manifolds and orbifolds by using as quantum space the kernel of the Dirac operator acting on powers of the prequantum line bundle twisted with an arbitrary vector bundle. Recently, Charles [7] introduced a new semiclassical approach for symplectic manifolds inspired from the Boutet de Monvel-Guillemin theory [5] .
In this paper we extend the Berezin-Toeplitz quantization in several directions. Firstly, we consider an arbitrary Hermitian manifold (M, Θ, J) endowed with arbitrary Hermitian holomorphic line bundle (L, h L ) and we quantize the open set M(0) where the curvature of (L, h L ) is positive. Since there are no holomorphic L 2 sections in general, we use as quantum spaces the spectral spaces of the Kodaira Laplacian
, corresponding to energy less than k −N , N > 1 fixed, decaying to 0 polynomially in k, as k → ∞. Secondly, we consider the same construction for the Kodaira Laplacian (q) k acting on (0, q)-forms. In this case we quantize the open set M(q) where the curvature of (L, h L ) is non-degenerate and has exactly q negative eigenvalues (and hence n − q positive ones). Quantization using (0, q)-forms was introduced in [18, §8.2] for bundles with mixed curvature of signature (q, n − q) everywhere on a compact manifold. It was based on the asymptotic of Bergman kernel developed in [17] .
The idea underlying the construction used in this paper comes from the local holomorphic Morse inequalities [10, 14, 18] . Roughly speaking, the harmonic (0, q)-forms with values in L k tend to concentrate on M(q) as k → ∞. More precisely, the semiclassical limit of the kernel of the spectral projectors considered above was determined in [14] . This is the main technical ingredient used in this paper.
We now formulate the main results. We refer to Section 2 for some standard notations and terminology used here.
Let (M, Θ, J) be a Hermitian manifold of complex dimension n, where Θ is a smooth positive (1, 1)-form and J is the complex structure. Let g T M Θ (·, ·) = Θ(·, J·) be the Riemannian metric on T M induced by Θ and J and let · | · be the Hermitian metric on CT M induced by g T M Θ . The Riemannian volume form dv M of (M, Θ) satisfies dv M = Θ n /n! . For every q = 0, 1, . . . , n, the Hermitian metric · | · on CT M induces a Hermitian metric · | · on T * 0,q M the bundle of (0, q) forms of M. Let (L, h L ) be a holomorphic Hermitian line bundle over M, where the Hermitian fiber metric on L is denoted by h L . We will denote by φ the local weights of the Hermitian metric (see (2.1)). Let ∇ L be the holomorphic Hermitian connection on (L, h L ) with curvature R L = (∇ L ) 2 . We will identify the curvature form R L with the Hermitian matriẋ R L ∈ C ∞ (M, End(T 1,0 M)) satisfying for every U, V ∈ T 1,0
Let detṘ L (x) := µ 1 (x) . . . µ n (x), where {µ j (x)} n j=1 , are the eigenvalues ofṘ L with respect to · | · . For j ∈ {0, 1, . . . , n}, let
x M) is non-degenerate and has exactly j negative eigenvalues . (1.7)
We denote by W the subbundle of rank j of T 1,0 M| M (j) generated by the eigenvectors corresponding to negative eigenvalues ofṘ L . Then det W * := Λ j W * ⊂ T * 0,j M| M (j) is a rank one sub-bundle. Here W * is the dual bundle of the complex conjugate bundle of W and
We denote by k is self-adjoint and the spectrum of (q) k is contained in R + (see [18, Prop. 3.1.2]). For a Borel set B ⊂ R let E(B) be the spectral projection of (q) k corresponding to the set B, where E is the spectral measure of (q) k (see Davies [9, Section 2] ) and for λ ∈ R we set E λ = E (−∞, λ] and
is the space of global harmonic sections.
The spectral projection of
be a k-dependent continuous operator with smooth kernel A k (x, y) and let D 0 , D 1 ⋐ M be open trivializations with trivializing sections s andŝ respectively. In this paper, on D 0 × D 1 , we will identify A k and A k (x, y) with the localized operators A k,s,ŝ and A k,s,ŝ (x, y) respectively (see (2.3)).
The first main result of this work is the following. 
, where c > 0 is a constant independent of k.
Then, for every N > 1, m ∈ N, there is a constant C N,m > 0 independent of k such that 
We collect some properties for the phase Ψ in Theorem 3.3. Let ℓ, m ∈ N be fixed and choose N ≥ 2(n + ℓ + 2m + 1). Then we deduce from (1.12) that
Note that if M is compact complex manifold endowed with a positive line bundle L (i. e. M(0) = M) we have by [21, Theorem 0.1] for any ℓ, m ∈ N,
Actually, in this case, due to the spectral gap of the Kodaira Laplacian [18, Theorem 1.5.5] we have T
f,k,0 for k large enough, so (1.15) follows from (1.16). The expansion (1.15) bears resemblance to the expansion of the Toeplitz kernels for functions f ∈ C p (M) (see [1, (3.19) ]), for arbitrary p ∈ N. In (1.15) the upper bound for the order of expansion ℓ is due to the size k −N of the spectral parameter, while in case of symbols of class C p (M) is due to the order of differentiability p.
The first coefficients of the kernel expansions of Toeplitz operators and of their composition for the quantization of a compact Kähler manifold with positive line bundle were calculated by Ma-Marinescu [21] and by Hsiao [13] (see also [26] for an interpretation in graph-theoretic terms). We will calculate the top coefficients b f,1 (x, x) and b f,2 (x, x) of the expansion (1.12) in Section 6. It is a remarkable manifestation of the universality, that the coefficients for the quantization with holomorphic sections [21, 13] and for the quantization with spectral spaces used in this paper are given by the same formulas.
On the set where the curvature of L is degenerate we have the following behavior.
Then for every x 0 ∈ M deg , ε > 0, N > 1 and every j ∈ {0, 1, . . . , n} , there exist a neighborhood U of x 0 and k 0 > 0, such that for all k ≥ k 0 we have
Consider the composition of two Berezin-Toeplitz quantizations. 
We will calculate the top coefficients b f,1 (x, x), b f,2 (x, x) and b f,g,1 (x, x), b f,g,2 (x, x) of the expansions (1.12) and (1.19) in Section 6 (see Theorem 6.1 and Theorem 6.4).
Let
operator norm.
. ., are the universal coefficients from (1.4).
As an application of Theorem 1.1 and Theorem 1.2, we obtain
and if 1 M (q) denotes the characteristic function of M(q),
is a smooth section of End(
For λ = 0, we set T (1.23) and (1.24), we get Weyl's formula for Berezin-Toeplitz quantization.
and f ∈ C ∞ (M) be as above and let N > 2n. Assume that M is compact, then
From Theorem 1.6 we deduce the following (see Section 7).
be as above and assume that M is compact. Fix q ∈ {0, 1, . . . , n} and suppose that M(q − 1) = ∅, M(q + 1) = ∅. Then
In particular, we get Grauert-Riemenschneider criterion for Berezin-Toeplitz quantization:
We recall the O(k −N ) small spectral gap property introduced in [14] :
We introduce next some notations. Let
be k-dependent continuous operators with smooth kernels
0 and every N > 1. The following result describes the asymptotics of the kernels of Toeplitz operators corresponding to harmonic forms in the case of small spectral gap.
Assume that D 0 ⋐ M(q) and
M are as in (1.12) and (1.19), respectively, and
As applications of Theorem 1.9, we establish Berezin-Toeplitz quantization for semi-positive and big line bundles.
We assume now that (M, Θ) is compact and we set 
induced by h L and the volume form dv M on M (see (2.10) and see also (2.9) for the precise meaning of
Let f ∈ C ∞ (M). The multiplier ideal Berezin-Toeplitz quantization is the operator
and let .12) and (1.19) respectively and
singular Hermitian holomorphic line bundle over a compact Hermitian manifold (M, Θ). We assume that h L is smooth outside a proper analytic set Σ and the curvature current of
h L is strictly positive. Let f, g ∈ C ∞ (M). Let D 0 ⊂ M \ Σ be an open trivialization. Then, T (0),f k,I (x, y) ≡ e ikΨ(x,y) b f (x, y, k) mod O(k −∞ ) locally uniformly on D 0 × D 0 , (T (0),f k,I • T (0),g k,I )(x, y) ≡ e ikΨ(x,y) b f,g (x, y, k) mod O(k −∞ ) locally uniformly on D 0 × D 0 , where b f (x, y, k), b f,g (x, y, k) ∈ S n (1; D 0 × D 0 ) are as in (1Ψ(x, y) ∈ C ∞ (D 0 × D 0 ) is as in Theorem 1.1.
PRELIMINARIES
Some standard notations. We denote by N = {0, 1, 2, . . .} the set of natural numbers and by R the set of real numbers. We use the standard notations
∞ paracompact manifold equipped with a smooth density of integration. We let T Ω and T
* Ω denote the tangent bundle of Ω and the cotangent bundle of Ω respectively. The complexified tangent bundle of Ω and the complexified cotangent bundle of Ω will be denoted by CT Ω and CT * Ω respectively. We write · , · to denote the pointwise duality between T Ω and T * Ω. We extend · , · bilinearly to CT Ω × CT * Ω. Let E be a C ∞ vector bundle over Ω. We write E * to denote the dual bundle of E. The fiber of E at x ∈ Ω will be denoted by E x . We write End (E) to denote the vector bundle over Ω with fiber over x ∈ Ω consisting of the linear maps from E x to E x . Let F be another vector bundle over Ω. We write E ⊠ F to denote the vector bundle over Ω × Ω with fiber over (x, y) ∈ Ω × Ω consisting of the linear maps from E x to F y .
Let Y ⊂ Ω be an open set. From now on, the spaces of smooth sections of E over Y and distribution sections of E over Y will be denoted by
Let M be a complex manifold of dimension n. We always assume that M is paracompact. Let T 1,0 M and T 0,1 M denote the holomorphic tangent bundle of M and the anti-holomorphic tangent bundle of M respectively. Let T * 1,0 M be the holomorphic cotangent bundle of M and let 
q we set |J| = q. We say that J is strictly increasing if 1 j 1 < j 2 < · · · < j q n. Let {e 1 , . . . , e n } be a local frame for
q , we put e J = e j 1 ∧ · · · ∧ e jq . Let E be a vector bundle over D and let f ∈ Ω 0,q (D, E). f has the local representation
where ′ means that the summation is performed only over strictly increasing multi-indices and f J ∈ C ∞ (D, E), ∀ |J| = q, J is strictly increasing.
Metric data. Let (M, Θ) be a complex manifold of dimension n, where Θ is a smooth positive (1, 1) form, which induces a Hermitian metric · | · on the holomorphic tangent bundle
A self-adjoint extension of the Kodaira Laplacian. We denote by
the Cauchy-Riemann operator acting on sections of L k and its formal adjoint with respect to
where
where ∂ k u is defined in the sense of distributions. We also write
denote the Gaffney extension of the Kodaira Laplacian given by
k is a positive self-adjoint operator. Note that if M is complete, the Kodaira Laplacian 
where |·| h L and |·| h L 
has a Schwartz distribution kernel, denoted A(x, y). Moreover, the following two statements are equivalent (a) A is continuous:
If A satisfies (a) or (b), we say that A is a smoothing operator. Furthermore, A is smoothing if and only if A :
We say that A is properly supported if Supp A(·, ·) ⊂ Ω×Ω is proper, i. e., the two projections
We say that A is smoothing away the diagonal if χ 1 Aχ 2 is smoothing for all
We write H to denote the unique continuous operator
. In this work, we identify H with H(x, y).
Let A, B :
We recall the definition of semi-classical Hörmander symbol spaces:
From this, we form S m (1; Y, E) in the natural way, where Y is a smooth paracompact manifold and E is a vector bundle over Y .
Some geometric objects.
We introduce the geometric objects used in Theorem 6.1. As before, put ω :
We notice that
, where h −1 is the inverse matrix of h. The complex Laplacian with respect to ω is given by (2.14)
We notice that (2.15) and set
We call r the scalar curvature with respect to ω. Let R det Θ be the curvature of the determinant line bundle of T * 1,0 M with respect to the real two form Θ. We recall that
Let h be as in (2.13). Put
. . , n. θ is the Chern connection matrix with respect to ω. The Chern curvature with respect to ω is given by
where e 1 , . . . , e n is an orthonormal frame for T 
where e 1 , . . . , e n is an orthonormal frame for
and set (2.22)
SPECTRAL KERNEL ESTIMATES AWAY THE DIAGONAL
Let s,ŝ be local trivializing sections of
k,0,s (x, y). Let {e 1 , e 2 , . . . , e n } and {w 1 , w 2 , . . . , w n } be orthonormal frames of T * 0,1 M on D 0 and D 1 respectively. Then, e J ; |J| = q, J is strictly increasing , w J ; |J| = q, J is strictly increasing are orthonormal frames of T * 0,q M on D 0 and D 1 respectively. We write
in the sense that for every u =
The goal of this section is to prove the following.
Theorem 3.1. With the notations used above, we assume that
, where c > 0 is a constant independent of k. Then, for every N > 1, m ∈ N, there is a constant C N,m > 0 independent of k such that for all strictly increasing I, J with |I| = |J| = q,
The next result was established in [14, .
Theorem 3.2. With the notations used above, assume that
The following properties of the phase function Ψ follow also from [14] . 
then, near (0, 0), we have
Moreover, when q = 0, we have
It is not difficult to check that for every |I| = |J| = q, I, J are strictly increasing, we have
+2m , ∀ |I| = |J| = q, I, J are strictly increasing.
Proof. Fix |I| = |J| = q, I, J are strictly increasing and let α, β ∈ N 2n 0 . From (3.7), we can check that
In view of Theorem 3.2, we see that
where C α > 0 is a constant independent of k. Moreover, it is well-known (see [14] ) that (3.10)
where C β > 0 is a constant independent of k. From (3.8), (3.9) and (3.10), the lemma follows.
From Lemma 3.4, we have proved Theorem 3.1 when D 0 ⋐ M(j), j = q. Now, we assume that D 0 ⋐ M(q). Fix p ∈ D 0 , I 0 , J 0 strictly increasing with |I 0 | = |J 0 | = q, and α, β ∈ N 2n 0 . Put
Proof. In view of Theorem 3.2 and (3.7), we see that 12) where C α > 0 is a constant independent of k and the point p. From (3.12), (3.8) and (3.10), the lemma follows. Now, we assume that
where ε > 0 is a small constant and d I,I 0 (x, y) is as in (3.11). We need Lemma 3.6. We have
That is, for every local trivializing section
Proof. It is known from [14] that
(3.14)
From (3.14), it is easy to see that
Moreover, we have by [14] ,
From (3.16) and semi-classical Gårding inequalities (see [14] ), we obtain
From (3.18), (3.15), the lemma follows. Now, we can prove the following.
Lemma 3.7. With the notations and assumptions above, assume that for
, where c > 0 is a constant independent of k. Then, there is a constant C α,β > 0 independent of K and the point p such that
From (3.11), (3.13) and Lemma 3.6, it is not difficult to check that
From (3.10), (3.11) and Theorem 3.2, we conclude that
where C > 0 is a constant independent of k and the point p. From (3.7), (3.10) and (3.21), we have
where C 1 > 0 is a constant independent of k and the point p. From Lemma 3.6 and note that
, where c > 0 is a constant independent of k, we conclude that
From this observation and (3.22), the lemma follows.
From Lemma 3.4, Lemma 3.5, Lemma 3.7, Theorem 3.1 follows. We can repeat the proof of Theorem 3.1 and conclude
Theorem 3.8. Let s andŝ be local trivializing sections of L on open sets
, where c > 0 is a constant independent of k. Then,
BEREZIN-TOEPLITZ KERNEL ESTIMATES AWAY THE DIAGONAL Let s,ŝ be local trivializing sections of L on open sets
. Fix N > 1 and let f ∈ C ∞ (M) be a bounded function. Let {e 1 , e 2 , . . . , e n } and {w 1 , w 2 , . . . , w n } be orthonormal frames of T * 0,1 M on D 0 and D 1 respectively. Then, e J ; |J| = q, J is strictly increasing , w J ; |J| = q, J is strictly increasing are orthonormal frames of T * 0,q M on D 0 and D 1 respectively. As in (3.1), we write
, ∀ |I| = |J| = q, I, J are strictly increasing.
(4.1)
It is not difficult to check that for every strictly increasing I, J, |I| = |J| = q, we have
We need 
Proof. Fix α, β ∈ N 2n 0 , I 0 , J 0 strictly increasing with |I 0 | = |J 0 | = q, and
(This is always possible, see [14] .) From (4.3) and (4.4), we see that
In view of Theorem 3.2 and (3.10), we see that
where C α > 0, C β > 0 are constants independent of k and the points x 0 and y 0 . From (4.5) and (4.6), the lemma follows. 
Now, we assume that
Assume that a I 0 ,I 0 (p, p, k) ≤ 0, where a I,J (x, y, k) is as in (3.11). From (3.12) and (3.10), we have
where C α,β > 0, C > 0 are constants independent of k and the points p, y 0 . Now, we assume that
, where h k is as in (3.13) .
From (3.21) and (3.10), we have
where C 1 > 0, C α,β > 0 are constants independent of k and the points p, y 0 . From (4.9) and (4.10), we obtain
whereĈ α,β > 0 is a constant independent of k and the points p, y 0 . From (4.8) and (4.11), the lemma follows.
Lemma 4.3. With the assumptions and notations above, assume that for
, where c > 0 is a constant independent of k. Then, for every N > 1 and m ∈ N, there is a constant C N,m > 0 independent of k such that
for every I, J strictly increasing, |I| = |J| = q.
Assume that a I 0 ,I 0 (p, p, k) ≤ 0, where a I,J (x, y, k) is as in (3.11) . We can repeat the procedure in the proof of Lemma 4.2 and conclude that
where C α,β > 0 is a constant independent of k and the points p and y 0 . Now, we assume that a I 0 ,I 0 (p, p, k) > 0. Let g 1 be as in (3.19) , where h k is as in (3.13) . From Lemma 3.6 and (3.13), we have
(4.14)
From (4.14), it is straightforward to see that for every N ∈ N, there is a constant C N > 0 independent of k and the points p and y 0 such that
From (3.11), we can check that
where C α > 0 is a constant independent of k and the point p. From (4.16) and (3.4), it is not-difficult to check that
where C 0 > 0 is a constant independent of k and the point p. Moreover, from Theorem 3.1, we see that
where C β > 0 is a constant independent of k and the points p, y 0 . From (4.15), (4.17) and (4.18), we conclude that
where C α,β > 0 is a constant independent of k and the points p, y 0 . From (3.21) and (3.10), we have 
We can repeat the proof of Theorem 4.4 and deduce:
, where
ASYMPTOTIC EXPANSION OF BEREZIN-TOEPLITZ QUANTIZATION
In this section, we will establish an asymptotic expansion for lower energy forms. Let s be a local trivializing section of
where Ψ(x, y) and b(x, y, k) are as in Theorem 3.
Let {e 1 , e 2 , . . . , e n } be an orthonormal frame of
is an orthonormal frame of T * 0,q M on D. As (3.1), we write
It is easy to see that for every |I| = |J| = q, I, J are strictly increasing, we have
We need Lemma 5.1. With the assumptions and notations above, for every N > 1 and m ∈ N, there is a constant C N,m > 0 independent of k such that
0 . Assume that a I 0 ,I 0 (p, p, k) ≤ 0, where a I,J (x, y, k) is as in (3.11) . In view of the proof of Lemma 3.5, we see that
where C α > 0 is a constant independent of k and the point p. It is not difficult to see that for every |I| = |J| = q, I, J are strictly increasing, we have
From (5.8) and (5.7), we get
From (5.6), (5.8) and (3.10), we have
where C > 0, C α,β > 0 are constants independent of k and the points p and y 0 . It is known by [14] that
From (5.11) and (5.6), we obtain
where C α,β > 0 is a constant independent of k and the points p and y 0 . From (5.12), (5.10) and (5.9), we deduce that
whereĈ α,β > 0 is a constant independent of k and the points p and y 0 . Now, we assume that
where h k is as in (3.13). From Theorem 3.2 and Lemma 3.6, we can check that for every N > 0, there is C N > 0 independent of k and the point p such that (5.14)
where C α > 0 is a constant independent of k and the point p.
From (5.7), (5.14), (5.15), (5.16) and (3.10), we have 17) for every N > 0, where C > 0, C N > 0, C α,β > 0 are constants independent of k and the points p and y 0 . From (5.17) and (5.13), the lemma follows.
We can repeat the proof of Lemma 5.1 and conclude that Lemma 5.2. With the assumptions and notations above, for every N > 1 and m ∈ N, there is a constant C N,m > 0 independent of k such that
+2m .
Lemma 5.3. We have
Proof. From stationary phase formula of Melin-Sjöstrand [22] , it is straightforward to see that there is a complex phase function
It is well-known(see [14] ) that
Note that Ψ(x, x) = Ψ 1 (x, x) = 0. We assume that there are 
, it is easy to see that
It is obviously that
From ( 
where We now consider the composition of two Berezin-Toeplitz quantizations. Let g ∈ C ∞ (M) be another bounded function. For λ ≥ 0, put
. We can repeat the proof of Theorem 4.4 with minor change and get
We have 
and Ψ is as in Theorem 3.2.
Proof. The proof of this theorem is similar to the proof of Theorem 5.4. We only give the outline of the proof and for simplicity we consider only q = 0.
We may assume that the section s defined on D 0 . We can repeat the proof of Lemma 4.2 with minor changes and conclude that for every N > 1 and m ∈ N, there is C N,m > 0 independent of k such that
From (5.28), we only need to consider
We first considerT
It is straightforward to check that 
We now consider
where Ψ(x, y) is as in Theorem 3.2 and
From Theorem 5.4, it is straightforward to see that for every N > 1 and m ∈ N, there is a constant C N,m > 0 independent of k such that
As in Lemma 5.3, we can show that
Moreover, we know that [14, Theorem 9 .1]). From this observation, (5.36) and Theorem 1.9, Theorem 1.11 follows.
CALCULATION OF THE LEADING COEFFICIENTS
In this section, we will prove Theorem 6.1. We wish to give formulas for the top coefficients of the expansion (1.13) in the case q = 0. We introduce the geometric objects used in Theorem 6.1 below. Put
On M(0) the ( (see (2.16)). We denote by Ric ω = Ric (J·, ·) the (1, 1)-form associated to Ric (cf. (2.20) ) and by △ ω be the complex Laplacian with respect to ω (see (2.14) ). We also denote by · | · ω the pointwise Hermitian metrics induced by g
T M ω
on T * p,q M ⊗ T * r,s M, p, q, r, s ∈ {0, 1, . . . , n}, and by | · | ω the corresponding norms.
Let R det Θ denote the curvature of the canonical line bundle
with respect to the metric induced by Θ (see (2.17) ). Put
where 
Let q = 0 and let
. In this section, we will calculate b 1,f (x, x) and b 2,f (x, x), ∀x ∈ D 0 . Fix p ∈ D 0 . In a small neighbourhood of the point p there exist local coordinates z = (z 1 , . . . , z n ) = x = (x 1 , . . . , x 2n ), z j = x 2j−1 + ix 2j , j = 1, . . . , n, and a local frame s of L, |s| 2 h L = e −2φ so that
Until further notice, we work with this local coordinates x and we identify p with the point x = z = 0. It is well-known (see [14, Section 4.5] ) that for every N ∈ N, we have
We have
We notice that since b(z, w, k) is properly supported, we have
. We recall the stationary phase formula of Hörmander (see [12, Theorem 7.7 .5]).
where C is bounded when F runs in a bounded set of
has a uniform bound and
We now apply (6.10) to the integral in (6.8). Put
From (6.6) and (6.7), we see that
where h is given by (6.12). Moreover, we can check that (6.14) det kF ′′ (0) 2πi
and
From (6.13), (6.15) and notice that h = O(|z| 4 ), it is not difficult to see that
where L j is given by (6.11). We notice that
From this observation, (6.16) becomes: (6.17) for all N ≥ 0. From (6.17), (6.14), (6.10), (6.8) and (6.4), we get
Combining (6.18) with (6.5), we obtain Theorem 6.3. For b f,j , j = 0, 1, . . ., in (6.5), we have 19) for all j = 0, 1, . . . . In particular, 
be the (1, 0) component of the Chern connection on T * 1,0 M induced by · | · ω (see the discussion after (2.21)).
From Theorem 6.1 and the proof of Theorem 1.3, we can repeat the proof of Theorem 1.5 in [13] and get the following. In this section, we will prove Theorem 1.2 and Theorem 1.7. We recall first the following. Then for every x 0 ∈ M deg , ε > 0, N > 1 and every m ∈ {0, 1, . . . , n} , there exist a neighbourhood U of x 0 and k 0 > 0, such that for all k ≥ k 0 we have
Recall that E denotes the spectral measure of 
Moreover, it is easy to see that
From (7.6) and (7.7), we have
where C 0 > 0 is a constant independent of k. From (7.8) and (7.4), we conclude that (7.9)
In view of Theorem 1.5, we see that
. From (7.9) and (7.10), the theorem follows.
8. PROOF OF THEOREM 1.4
In this section, we will prove Theorem 1. 
u → s k e kφ τ e ikΨ(x,y) b f,g (x, y, k)s −k e −kφ(y) τ (y)u(y)dv M (y).
In view of Theorem 1.3 and Lemma 8.1, we see that . From (1.13), we have b C 1 (f,g),0 (x, x) = a 0 (x, x) and as in the discussion above, we can take b C 1 (f,g),0 (x, y) so that b C 1 (f,g),0 (x, y) = a 0 (x, y) and hence
Continuing in this way, the lemma follows.
Proof of Theorem 1.4. Let a(x, y, k) ∈ S n−j 0 (1, D × D), j 0 ∈ N. Consider the operator
u → s k e kφ τ e ikΨ(x,y) a(x, y, k)s −k e −kφ(y) τ (y)u(y)dv M (y). 
u → s k e kφ τ e ikΨ(x,y) b Cp(f,g) (x, y, k)s −k e −kφ(y) τ (y)u(y)dv M (y). 
